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This article re-examines a classic question in liquid-crystal physics: What are the elastic modes
of a nematic liquid crystal? The analysis uses a recent mathematical construction, which breaks
the director gradient tensor into four distinct types of mathematical objects, representing splay,
twist, bend, and a fourth deformation mode. With this construction, the Oseen-Frank free energy
can be written as the sum of squares of the four modes, and saddle-splay can be regarded as bulk
rather than surface elasticity. This interpretation leads to an alternative way to think about several
previous results in liquid-crystal physics, including: (1) free energy balance between cholesteric
and blue phases, (2) director deformations in hybrid-aligned-nematic cells, (3) spontaneous twist of
achiral liquid crystals confined in a torus or cylinder, and (4) curvature of smectic layers.
I. INTRODUCTION
One of the oldest problems in liquid-crystal research
is to characterize how the director field can be distorted
away from a uniform state, or in other words, to identify
the elastic modes of a nematic liquid crystal. Through
the mid-20th century, this issue was investigated in clas-
sic work by Oseen [1] and Frank [2], and further by
Nehring and Saupe [3, 4]. This body of research led to
the Oseen-Frank free energy density, which is discussed
in many textbooks, such as Ref. [5], and which is widely
used in liquid-crystal science and technology. This free
energy density includes terms representing the cost of
three distortion modes—splay, twist, and bend—and also
includes a further term called saddle-splay. The saddle-
splay contribution to the free energy density is the to-
tal divergence of a vector field. As a result, the volume
integral of this term can be transformed into a surface
integral. For that reason, the saddle-splay contribution
is often considered as surface elasticity, in contrast with
the splay, twist, and bend contributions, which are bulk
elasticity.
Over the years, the role of saddle-splay in liquid-crystal
physics has been rather subtle. In many cases, the saddle-
splay free energy is fixed by boundary conditions, and
hence does not affect the behavior of a system. In other
cases, the saddle-splay free energy is a variable quan-
tity, and it can induce complex nonuniform structures
in the director field [6]. Many theoretical studies have
successfully analyzed the role of saddle-splay in specific
systems [7–11], but saddle-splay is still often difficult to
understand on any intuitive basis. This difficulty arises
for several reasons, including: (1) saddle-splay is nor-
mally not visualized by itself, (2) it can be regarded as
either a bulk or surface free energy, and (3) if it is re-
garded as a surface contribution, it can accumulate along
defects as internal surfaces.
The purpose of this article is to discuss an alternative
interpretation of liquid-crystal elasticity, which may help
to clarify the role of saddle-splay in the Oseen-Frank free
energy. This interpretation is based on a mathematical
construction that was recently suggested by Machon and
Alexander [12]. Their paper decomposes the director gra-
dient tensor into four modes: splay, twist, bend, and a
fourth mode that they call ∆. The ∆ mode is related
to saddle-splay but is not exactly the same—in the fol-
lowing sections, we discuss the terminology and suggest
the name “biaxial splay.” The Machon-Alexander paper
uses this mathematical construction to analyze the topo-
logical properties of umbilic lines where ∆ = 0. Here,
we use the same construction for a different purpose. We
re-express the Oseen-Frank free energy in terms of the
four modes, and use this new expression to re-analyze
several previous problems in liquid-crystal physics where
saddle-splay was found to be important. Through this re-
analysis, we suggest that the new construction provides
a simpler and more intuitive way to understand the role
of saddle-splay.
We emphasize that our re-analysis does not change any
predictions for experiments. It gives exactly the same
predictions as previous studies, because the theories are
mathematically equivalent. Hence, the significance of our
argument is purely a matter of theoretical understanding.
The plan of this paper is as follows. In Sec. II, we ex-
plain how the director gradient tensor can be decomposed
into the four modes splay, twist, bend, and ∆. We first
present the argument mathematically, and then visual-
ize and discuss each of the modes. In Sec. III, we express
the Oseen-Frank free energy in terms of these modes, and
show that it takes a simple form as the sum of squares.
In particular, we see how the saddle-splay term is related
to splay, twist, and ∆. This relation leads to a discus-
sion of terminology. In Sec. IV, we discuss the distinction
between double splay and single splay, as well as double
twist and cholesteric single twist. This analysis implies
that single splay should really be understood as a com-
bination of double splay and ∆, and cholesteric single
twist as a combination of double twist and ∆. Based on
that argument, we assess the free energy balance between
cholesteric and blue phases. In Sec. V, we apply this
analysis to several further examples, particularly direc-
tor deformations in hybrid-aligned-nematic cells, sponta-
neous twist of achiral liquid crystals confined in a torus
or cylinder, and curvature of smectic layers. In all of
these cases, the new analysis provides an alternative way
to think about previous results about saddle-splay. Fi-
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2nally, in Sec. VI, we discuss some related issues for future
research.
We also provide two appendices with specific calcula-
tions that might be useful for other investigators. Ap-
pendix A shows how the four modes can be expressed in
terms of the nematic order tensor Q. These expressions
might be used for analyzing simulations of blue phases,
for example. Appendix B shows the two-dimensional
(2D) version of how to decompose the director gradient
tensor. In 2D, the only two normal modes are splay and
bend.
II. DIRECTOR GRADIENT MODES
Following Machon and Alexander [12], we separate the
director gradient tensor into four normal modes. We first
explain the decomposition mathematically, and then vi-
sualize and discuss each of the modes.
A. Mathematics
A nematic liquid crystal has a director field nˆ(r), and
hence a tensor of director gradients ∂inj . Let us first
consider the number of degrees of freedom in this tensor.
In three dimensions (3D), the tensor has 3× 3 = 9 com-
ponents. However, because nˆ is a unit vector, we must
have
(∂inj)nj =
1
2
∂i(njnj) =
1
2
∂i(1) = 0. (1)
That equation is actually 3 constraints, for i = 1 to 3.
Hence, the tensor ∂inj should have 9 − 3 = 6 degrees
of freedom. In other words, the first leg of ∂inj might
have components parallel or penpendicular to nˆ, but the
second leg must be perpendicular to nˆ.
We can break ∂inj into parts where the first leg is
parallel or perpendicular to nˆ,
∂inj = −niBj + αij , (2)
whereB is a vector perpendicular to nˆ and αij is a tensor
in the plane perpendicular to nˆ. Contracting both sides
of Eq. (2) with ni gives
B = −(nˆ ·∇)nˆ = nˆ× (∇× nˆ). (3)
Hence, B is the standard bend vector in liquid-crystal
physics. Because B is perpendicular to nˆ, it has two
degrees of freedom.
Now we are left with the tensor αij in the plane per-
pendicular to nˆ, which has 4 degrees of freedom. We can
break it into an antisymmetric tensor βij and symmet-
ric tensor γij . Because βij is an antisymmetric tensor
in the plane perpendicular to nˆ, it can be expressed as
βij =
1
2Tijknk, for some pseudoscalar T . Hence, the
director gradient tensor becomes
∂inj = −niBj + 1
2
Tijknk + γij . (4)
Contracting both sides of Eq. (4) with ijmnm gives
T = nˆ · (∇× nˆ). (5)
Hence, T is the standard twist in liquid-crystal physics.
Because T is a pseudoscalar, it has one degree of freedom.
At this point, we are left with the symmetric tensor
γij in the plane perpendicular to nˆ, which has 3 degrees
of freedom. We can break it into its trace S, multiplied
by half of the identity tensor in the plane perpendicular
to nˆ, which is 12 (δij − ninj), plus a traceless symmetric
tensor ∆ij . Hence, the director gradient tensor becomes
∂inj = −niBj + 1
2
Tijknk +
1
2
S(δij − ninj) + ∆ij . (6)
Taking the trace of Eq. (6) gives
S =∇ · nˆ. (7)
Hence, S is the standard splay in liquid-crystal physics.
Because S is a scalar, it has one degree of freedom.
Finally, we have the traceless symmetric tensor ∆ij in
the plane perpendicular to nˆ. As a traceless symmetric
tensor in a plane, it has two degrees of freedom. For an
explicit expression for ∆ij , we combine Eq. (6) with its
transpose to obtain
∆ij =
1
2
[∂inj + ∂jni + niBj + njBi − S(δij − ninj)]
=
1
2
[∂inj + ∂jni − nink∂knj − njnk∂kni
− δij∂knk + ninj∂knk]. (8)
We note that ∆ij = ∆ji, ∆ii = 0, ni∆ij = 0, and
∆ijnj = 0.
Equation (6) decomposes the director gradient tensor
∂inj into the four normal modes B, T , S, and ∆. To-
gether, these modes account for the six degrees of free-
dom in ∂inj . These modes are four distinct types of
mathematical objects: B is a vector, T a pseudoscalar,
S a scalar, and ∆ a symmetric traceless tensor. In a more
precise mathematical language, Machon and Alexan-
der [12] write that these modes are distinct irreducible
representations of the rotation group.
B. Visualization and discussion of each mode
In this section, we discuss each of the four modes by
visualizing director configurations in which all the other
modes are zero, at least locally, if not globally.
1. Bend B
A bend deformation has the structure shown in
Fig. 1(a,b). It has the standard form of bend in liquid-
crystal physics, with nˆ varying along the direction par-
allel to the local nˆ. It has two components, because the
3(a) Bend B (b) Bend B (c) Twist T
(d) Splay S (e) Biaxial splay ∆ij (f) Biaxial splay ∆ij
FIG. 1. (Color online) Schematic illustrations of the four director deformation modes. (a,b) Two components of bend, with
the red arrows representing the bend vector B. (c) Twist (i.e. double twist). (d) Splay (i.e. double splay), with the red arrow
representing the splay vector S = Snˆ. (e,f) Two components of biaxial splay ∆ij , with the red tetrahedra representing the
third-rank tensor ∆ijnk.
change in nˆ can be in either of two directions perpen-
dicular to the local nˆ. Hence, it can be represented by a
vector in the plane perpendicular to the local nˆ, as shown
by the red arrows in the figures.
It is possible to fill up 3D Euclidean space with pure
bend. For example, consider the director field
nˆ(x, y, z) =
(−y, x, 0)√
x2 + y2
. (9)
Explicit calculations give
B =
(x, y, 0)
x2 + y2
, T = 0, S = 0, ∆ = 0. (10)
Hence, this example has pure bend, which decreases in
magnitude as we move away from the z-axis.
In a nematic liquid crystal, nˆ and −nˆ are equivalent
ways to describe the same state. The bend vector B
defined by Eq. (3) is invariant under the transformation
nˆ→ −nˆ, and hence it is a physical object that does not
depend on this arbitrary choice of sign.
2. Twist T
A twist deformation has the structure shown in
Fig. 1(c). In the liquid-crystal literature, this type of de-
formation is commonly known as “double twist,” because
nˆ varies in both directions perpendicular to the local nˆ.
We emphasize that twist T means double twist. In other
words, the deformation with nonzero T but zero B, S,
and ∆ is double twist, not single twist. This statement
must be true because T is a pseudoscalar, and hence it
has no direction in the plane perpendicular to nˆ. If the
deformation were single twist, with a helical axis perpen-
dicular to nˆ, then it could not be described by a pseu-
doscalar. We will discuss single twist in Sec. IV.
It is impossible to fill up 3D Euclidean space with pure
double twist, but we can construct pure double twist lo-
cally. For example, consider the director field
nˆ(x, y, z) =
(−qy, qx, 1)√
1 + q2(x2 + y2)
(11)
for q
√
x2 + y2  1. Along the z-axis, for x = y = 0,
explicit calculations give
B = 0, T = 2q, S = 0, ∆ = 0. (12)
Hence, this example has pure double twist along the z-
axis. (Farther from the z-axis, it has a mixture of double
twist and bend.)
The twist pseudoscalar T defined by Eq. (5) is invariant
under the transformation nˆ → −nˆ, and hence it is a
physical object that does not depend on this arbitrary
choice of sign.
43. Splay S
A splay deformation has the structure shown in
Fig. 1(d). By analogy with double twist, this type of
deformation might be called “double splay,” because nˆ
varies in both directions perpendicular to the local nˆ. As
in the previous case, we emphasize that splay S means
double splay; i.e. the deformation with nonzero S but
zero B, T , and ∆ is double splay, not single splay. This
statement must be true because S is a scalar, and hence
has no direction in the plane perpendicular to nˆ. If
the deformation were single splay, with variation in only
one direction perpendicular to nˆ, then it could not be
described by a scalar. We will discuss single splay in
Sec. IV.
It is possible to fill up 3D Euclidean space with pure
double splay. For example, consider the director field for
a hedgehog,
nˆ(x, y, z) =
(x, y, z)√
x2 + y2 + z2
. (13)
Explicit calculations give
B = 0, T = 0, S =
2√
x2 + y2 + z2
, ∆ = 0. (14)
Hence, this example has pure double splay, which de-
creases in magnitude as we move away from the origin.
The splay scalar S defined by Eq. (7) changes sign
under the transformation nˆ → −nˆ. If we want a physi-
cal object that does not depend on this arbitrary choice
of sign, we can construct the splay vector S = Snˆ =
nˆ(∇ · nˆ). This splay vector is well-known in the theory
of flexoelectricity [13]. It is shown by the red arrow in
Fig. 1(d).
4. “Biaxial splay” ∆
The fourth deformation mode ∆ has the structure
shown in Fig. 1(e,f). In this deformation, nˆ tips out-
ward along one axis perpendicular to the local nˆ, and
tips inward along the other axis perpendicular to the lo-
cal nˆ. In other words, there is a combination of positive
splay along one axis and negative splay along the other
axis. The symmetry of this deformation is similar to a
biaxial nematic liquid crystal, because of the two distinct
axes perpendicular to nˆ. For that reason, we suggest that
this deformation might be called “biaxial splay.” We will
discuss the terminology further in Sec. III.
The biaxial splay deformation has two components,
which are rotated with respect to each other by 45◦ in
the plane perpendicular to nˆ. In Fig. 1(e), the splay
is outward along ±(1, 0, 0) and inward along ±(0, 1, 0).
By comparison, in Fig. 1(f), the splay is outward along
±(1/√2, 1/√2, 0) and inward along ±(1/√2,−1/√2, 0).
A further rotation of 45◦ gives a splay outward along
±(0, 1, 0) and inward along ±(1, 0, 0), which is just the
negative of the first component in Fig. 1(e).
It is impossible to fill up 3D Euclidean space with pure
biaxial splay, but we can construct pure biaxial splay
locally. For example, consider the director field
nˆ(x, y, z) =
(qx,−qy, 1)√
1 + q2(x2 + y2)
(15)
for q
√
x2 + y2  1. Along the z-axis, for x = y = 0,
explicit calculations give
B = 0, T = 0, S = 0, ∆ =
q 0 00 −q 0
0 0 0
 . (16)
Hence, this example has pure biaxial splay along the z-
axis. (Farther from the z-axis, it has a mixture of biaxial
splay with bend and double splay.)
The biaxial splay tensor ∆ij defined by Eq. (8) changes
sign under the transformation nˆ → −nˆ. If we want a
physical object that does not depend on this arbitrary
choice of sign, we can construct the third-rank tensor
∆ijnk. This third-rank tensor is represented by the red
tetrahedra in Fig. 1(e,f).
III. FREE ENERGY, SADDLE-SPLAY, AND K24
The Oseen-Frank free energy gives the elastic free en-
ergy associated with deformations in the director field.
We consider first the simplified version of the free energy
with equal elastic constants, and then the full free energy
with unequal elastic constants.
In the simple approximation of equal elastic constants,
the Oseen-Frank free energy density is
F =
1
2
K(∂inj)(∂inj). (17)
By inserting Eq. (6) for ∂inj into Eq. (17), we obtain
F =
1
4
KS2 +
1
4
KT 2 +
1
2
K|B|2 + 1
2
K Tr(∆2), (18)
where Tr(∆2) = ∆ij∆ji. This expression shows that all
four of the modes cost elastic free energy. There are no
cross terms between the modes. Indeed, bilinear cross
terms are forbidden by symmetry: There is no bilinear
coupling that can generate a scalar for the free energy
density. (The coupling ST is a pseudoscalar, which is
permitted in a chiral liquid crystal, but not in an achiral
nematic phase.) In this approximation, the coefficients
of S2, T 2, |B|2, and Tr(∆2) are all the same, except for
the factors of 14 and
1
2 . To understand these factors, we
might say that S and T are double deformations, while
B and ∆ are single deformations with two components.
In general, the full Oseen-Frank free energy density is
conventionally written as [5]
F =
1
2
K11S
2 +
1
2
K22T
2 +
1
2
K33|B|2 (19)
−K24∇ · [nˆ(∇ · nˆ) + nˆ× (∇× nˆ)] ,
5where the last term is the saddle-splay term. In the lit-
erature, there are some variations in the notation for the
saddle-splay term. Instead of K24, the coefficient is some-
times written as 12K24 or as (K22+K24). Those variations
are not important for the following argument, which still
applies with a minor change of notation.
The saddle-splay term can be expressed in terms of the
four modes discussed in the previous section. An explicit
calculation gives
∇ · [nˆ(∇ · nˆ) + nˆ× (∇× nˆ)] (20)
=∇ · [nˆ(∇ · nˆ)− (nˆ ·∇)nˆ)] = ∂j [nj∂ini − ni∂inj ]
= (∂ini)(∂jnj)− (∂inj)(∂jni) = 1
2
S2 +
1
2
T 2 − Tr(∆2)
Combining Eqs. (19) and (20), the Oseen-Frank free en-
ergy density becomes
F =
1
2
K11S
2 +
1
2
K22T
2 +
1
2
K33|B|2
−K24
[
1
2
S2 +
1
2
T 2 − Tr(∆2)
]
=
1
2
(K11 −K24)S2 + 1
2
(K22 −K24)T 2
+
1
2
K33|B|2 +K24 Tr(∆2). (21)
This expression shows that all four of the modes cost dif-
ferent amounts of elastic free energy. The elastic constant
for (double) splay is (K11−K24), the elastic constant for
(double) twist is (K22 − K24), the elastic constant for
bend is K33, and the elastic constant for the mode ∆
is 2K24. The simple approximation of equal elastic con-
stants then corresponds to K11 = K22 = K33 = 2K24 ≡
K.
We can now make a remark about the terminology
for the mode ∆. Because of the saddle-like shape of
the deformation in Figs. 1(e,f), one might be tempted
to consider ∆ as saddle-splay. However, Eq. (20) shows
that the saddle-splay term in the free energy is actually
a combination of S, T , and ∆. Because “saddle-splay” is
already well-established as the name for that term in the
free energy, we cannot use the same name for ∆. Hence,
the mode ∆ needs another name. Machon and Alexan-
der [12] refer to this mode as “anisotropic orthogonal gra-
dients of nˆ,” but that phrase is too long for common use.
For that reason, we suggest the name “biaxial splay,” to
emphasize the similarity with the symmetry of a biaxial
nematic phase.
Up to now, we have not yet used the fact that the
saddle-splay term is a total divergence. Because it is a
total divergence, the volume integral of this term can be
reduced to a surface integral. Hence, from Eq. (20), the
volume integral of [ 12S
2 + 12T
2−Tr(∆2)] can be reduced
to a surface integral. In many liquid-crystal systems, that
surface integral is a constant determined by the bound-
ary conditions. In those systems, liquid-crystal theorists
normally use this constraint to eliminate ∆ from the the-
ory, and work in terms of the three remaining modes S,
T , and B. As an alternative, in principle, one might
eliminate S or T from the theory, and work in terms of
the other three modes.
We do not actually recommend either of those alterna-
tives. Rather, we suggest treating all four of the modes
as bulk elastic modes, and using the bulk free energy
density of Eq. (21). This expression explicitly shows the
free energy associated with each of the four modes, and it
is clearly positive-definite as long as the four coefficients
are positive. Moreover, it applies even to liquid-crystal
systems in which the surface integral is not a constant
determined by the boundary conditions, but rather is
variable.
In the following sections, we discuss several problems
that have been previously treated using the concept of
saddle-splay as a surface integral, and re-analyze them
in terms of the four bulk elastic modes. We argue that
this view gives an interesting new perspective on those
problems, although it still gives the same predictions for
experiments.
IV. SINGLE VS. DOUBLE DEFORMATIONS
A. Planar (single) splay
In Sec. II, we argued that a deformation with nonzero
S but zeroB, T , and ∆ is 3D double splay, as in a hedge-
hog. For comparison, we might consider a deformation
with splay only in the 2D plane, as in slices of pizza. This
deformation might be called planar splay or single splay.
For example, consider the director field
nˆ(x, y, z) =
(x, y, 0)√
x2 + y2
, (22)
which is shown in Fig. 2(a). For this director field, ex-
plicit calculations give
B = 0, T = 0, S =
1√
x2 + y2
, (23)
∆ =
1
2(x2 + y2)3/2
 y2 −xy 0−xy x2 0
0 0 −x2 − y2
 .
This result shows that single splay is a linear combina-
tion of S and ∆. In particular, the tensor ∆ contains
the directional information that identifies which of the
directions perpendicular to the local nˆ is the splayed di-
rection, and which is the uniform direction.
From Eq. (21), the free energy density has the compo-
nents
FS =
1
2
(K11 −K24)S2 = K11 −K24
2(x2 + y2)
,
F∆ = K24 Tr(∆
2) =
K24
2(x2 + y2)
, (24)
6(a) Planar (single) splay (b) Splay Frederiks transition (c) Cholesteric (single) twist (d) Twist Frederiks transition
FIG. 2. (Color online) Single deformations in the director field. (a) Planar or single splay. (b) Splay Frederiks transition under
an electric field E, showing that the deformation is single splay. (c) Cholesteric or single twist. (d) Twist Frederiks transition
under an electric field E, showing that the deformation is single twist.
and hence the total
F =
K11
2(x2 + y2)
. (25)
We see that K24 drops out of the free energy for single
splay, precisely because single splay is a combination of
S and ∆. Thus, K11 is the relevant elastic constant for
single splay.
This free energy expression has an important conse-
quence for the splay Frederiks transition. The experi-
mental geometry for this transition is shown in Fig. 2(b).
We can see that this geometry has single splay, not double
splay, because the director field stays in a plane. Hence,
the field-induced distortion is a combination of S and
∆, and the relevant elastic constant is K11. Hence, the
critical field for this transition is determined by K11, not
by (K11 −K24). Of course, this result is consistent with
how the splay Frederiks transition has been analyzed for
many years.
B. Cholesteric (single) twist
The same argument for single and double splay also
applies to single and double twist. In Sec. II, we argued
that a deformation with nonzero T but zero B, S, and ∆
is 3D double twist. For comparison, we might consider a
deformation with single twist, as in a cholesteric phase.
For example, consider the director field
nˆ(x, y, z) = (cos qz, sin qz, 0), (26)
which is shown in Fig. 2(c). For this director field, we
calculate
B = 0, T = −q, S = 0, (27)
∆ =
q
2
 0 0 − sin qz0 0 cos qz
− sin qz cos qz 0
 .
This result shows that cholesteric twist is a linear combi-
nation of T and ∆. The tensor ∆ contains the directional
information about which of the directions perpendicular
to the local nˆ is the helical axis, and which is the uniform
direction.
From Eq. (21), the free energy density has the compo-
nents
FT =
1
2
(K22 −K24)T 2 = 1
2
(K22 −K24)q2,
F∆ = K24 Tr(∆
2) =
1
2
K24q
2, (28)
and hence the total
F =
1
2
K22q
2. (29)
Thus, K24 drops out of the free energy for cholesteric
twist, because it is a combination of T and ∆, and K22
is the relevant elastic constant for cholesteric twist.
The argument for the splay Frederiks transition also
applies to the twist Frederiks transition. As shown in
Fig. 2(d), this transition involves single twist, not double
twist. Hence, the critical field is determined by K22, not
by (K22 −K24).
C. Cholesteric vs. blue phase
The distinction between single and double twist pro-
vides a simple way to compare the free energies of
cholesteric and blue phases in chiral liquid crystals.
If a liquid crystal is chiral, the free energy has the achi-
ral nematic terms of Eq. (21), plus an additional chiral
term proportional to the twist T . The combination of the
achiral and chiral terms favor s a certain optimal value
of T . The question is: How does the chiral liquid crystal
achieve this twist? Does it form a cholesteric or a blue
phase?
In a cholesteric phase, the director field forms a helix
with single twist everywhere. This single twist is a com-
bination of T and ∆. The mode T provides a favorable,
negative contribution to the free energy, but the mode
7(a) ∇ · cˆ = 0 (b) ∇ · cˆ < 0 (c) ∇ · cˆ > 0
FIG. 3. (Color online) Director configurations in a hybrid aligned nematic liquid crystal. (a) Uniform top surface orientation
cˆ(x, y), so that ∇ · cˆ = 0. (b) Modulation with ∇ · cˆ < 0. This state has increased S and reduced ∆, compared with the
uniform state. The increased S can be seen clearly in the top middle of the director field. (b) Modulation with ∇ · cˆ > 0. This
state has increased ∆ and reduced S, compared with the uniform state. The increased ∆ can be seen clearly in the top middle.
∆ provides an unfavorable, positive contribution to the
free energy.
In a blue phase, the director field forms a complex net-
work of double twist tubes separated by disclination lines.
Because the tubes have double rather than single twist,
they have pure T with no ∆. Hence, T provides a favor-
able contribution to the free energy, while ∆ makes no
contribution. However, it is impossible to fill Euclidean
space with double twist, as discussed below in Sec. VI(B).
Rather, geometric considerations require a finite density
of disclination lines. These disclinations make an unfa-
vorable contribution to the free energy.
Comparing these two possiblities, we can see that the
favorable contributions to the free energy are the same,
but the unfavorable contributions are different. Thus,
the relative stabilities of cholesteric and blue phases de-
pends on which is worse: the ∆ mode in a cholesteric
phase, or the disclination lines in a blue phase. That is-
sue depends on the magnitude of K24 compared with the
free energy of the disclination cores, in which the liquid-
crystal order is disrupted. If the disclination core energy
is high compared with K24, then the liquid crystal will
form a cholesteric phase. If K24 is high compared with
the disclination core energy, then the liquid crystal will
form a blue phase.
This conclusion that large K24 is necessary to stabilize
a blue phase is certainly not new. It goes back to early
work by Meiboom et al. [14], who considered saddle-splay
as a surface free energy along the disclination lines as
internal surfaces. Related arguments have been made in
the context of smectic blue phases [15, 16] and double-tilt
blue phases [17]. We only suggest that this theoretical
approach with modes T and ∆ provides a particularly
simple way to understand why K24 is important.
V. FURTHER EXAMPLES
A. Hybrid aligned nematic liquid crystal
In the hybrid aligned nematic geometry, a liquid crys-
tal is confined between two isotropic media, so that the
director field has homeotropic (perpendicular) anchoring
on the bottom and degenerate planar (tangential) an-
choring on the top, or vice versa. This type of system
has been studied experimentally and theoretically over
many years, as in Refs. [18, 19]. Experimentally, these
systems exhibit complex modulated structures in the di-
rector field. Theoretically, the modulated structures have
been explained by effects of saddle-splay, regarded as sur-
face elasticity. Here, we re-analyze the same system in
terms of the four bulk modes discussed in this article.
Suppose that a cell extends from z = 0 to d. At the
bottom surface z = 0, there is homeotropic anchoring, so
that nˆ(x, y, 0) = zˆ. At the top surface z = d, there is
degenerate planar anchoring, so that nˆ must be in the
xy plane, and all orientations in the xy plane have the
same energy. Hence, we can write nˆ(x, y, d) = cˆ(x, y),
where cˆ(x, y) is a unit vector in the xy plane. For the
liquid crystal in the interior, an approximate form for the
director field is
nˆ(x, y, z) = cˆ(x, y) sin
piz
2d
+ zˆ cos
piz
2d
. (30)
This approximation is shown schematically in Fig. 3. It
is reasonable if cˆ(x, y) is slowly varying and the elastic
constants are approximately equal. The question is: In
the lowest-free-energy state, does the liquid crystal have
a uniform surface orientation cˆ(x, y)? Or can the liquid
crystal reduce its free energy with some modulation in
cˆ(x, y)?
To answer that question, we use Eq. (30) for the 3D
director field to calculate the 3D distortions S, T , B, and
∆. We put those distortions into Eq. (21) to calculate
the 3D Frank free energy density. We then integrate
over z = 0 to d to calculate the effective 2D Frank free
energy density, F2D(x, y) =
∫ d
0
dzF (x, y, z), in terms of
the surface orientation cˆ(x, y). This calculation gives the
four components
FB2D = K33
[
pi2
16d
+
3d
16
(∇× cˆ)2
]
, (31)
FT2D = (K22 −K24)
[
d
16
(∇× cˆ)2
]
,
FS2D = (K11 −K24)
[
pi2
16d
− pi
4
∇ · cˆ+ d
4
(∇ · cˆ)2
]
,
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FIG. 4. (Color online) Director configurations for a nematic liquid crystal in a torus. (a) Achiral with T = 0. (b) Chiral with
T < 0. (c) Chiral with T > 0. Figure is based on Ref. [8].
F∆2D = K24
[
pi2
16d
+
pi
4
∇ · cˆ+ d
4
(∇ · cˆ)2 + d
16
(∇× cˆ)2
]
,
where ∇ · cˆ and ∇ × cˆ are the 2D divergence and curl
of the surface orientation, respectively. As a result, the
total effective 2D free energy density becomes
F2D =
pi2(K11 +K33)
16d
− pi(K11 − 2K24)
4
∇ · cˆ (32)
+
K11d
4
(∇ · cˆ)2 + (K22 + 3K33)d
16
(∇× cˆ)2.
To interpret these expressions, the most important fea-
ture to notice is the linear dependence on ∇ · cˆ. First
consider a state with uniform surface orientation, so that
∇ · cˆ = 0, as in Fig. 3(a). This state is loaded with three
of the modes, S, B, and ∆, which all contribute to the
free energy. Now suppose the surface orientation has a
small variation with ∇ · cˆ < 0, as in Fig. 3(b). This vari-
ation increases the S and reduces the ∆, compared with
the uniform state. Hence, this variation reduces the free
energy compared with the uniform state, provided that
the splay coefficient (K11 −K24) is less than the biaxial
splay coefficient K24. By comparison, suppose the sur-
face orientation has a small variation with∇· cˆ > 0, as in
Fig. 3(c). This variation reduces the S and increases the
∆, compared with the uniform state. Hence, that varia-
tion reduces the free energy compared with the uniform
state, provided that (K11 −K24) > K24.
From this argument, we see that the lowest-free-energy
state has uniform surface orientation only in the special
case that (K11 −K24) = K24, or K11 = 2K24. Interest-
ingly, that is exactly the case of equal elastic constants,
discussed in Sec. III. Although that case is a theoretical
possibility, an experimental liquid crystal will normally
have elastic constants that are at least slightly different.
If K11 < 2K24, then the energetic benefit of reducing ∆
exceeds the energetic cost of increasing S, and hence the
system can reduce its free energy by going to a modula-
tion with ∇ · cˆ < 0. Conversely, if K11 > 2K24, then the
energetic benefit of reducing S exceeds the energetic cost
of increasing ∆, and hence the system can reduce its free
energy by going to a modulation with ∇ · cˆ > 0.
This substitution of S for ∆, or vice versa, can be re-
garded as the origin for the complex textures that are
observed in hybrid aligned nematic liquid crystals. Of
course, there is no contradiction between this interpre-
tation and previous theories based on surface elasticity;
they are just two ways of describing the same behavior.
B. Liquid crystal in torus
Suppose we have a nematic liquid crystal inside a torus,
with degenerate planar anchoring on the surface. Does
the director field form a simple, achiral configuration,
running along the long axis of the torus, as shown in
Fig. 4(a)? Or does it break reflection symmetry and
form a chiral configuration, with a double twist from
the central axis to the surface of the torus, as shown
in Fig. 4(b,c)?
This system was investigated theoretically in Ref. [8],
and further, more mathematically, in Ref. [20]. Those
studies use the perspective of saddle-splay as surface elas-
ticity, and show that it favors alignment of the director
field along the highly curved direction on the surface of
the torus. If K24 is small, then the bulk free energy fa-
voring alignment along the long axis exceeds the surface
free energy favoring alignment in the highly curved di-
rection, and the director field forms the simple, achiral
configuration. However, if K24 is large enough, then the
surface free energy exceeds the bulk free energy, and the
director field forms a chiral configuration.
Here, we consider the same problem in terms of the
four bulk deformation modes. For this calculation, we
use the same toroidal coordinate system and the same
director ansatz as Ref. [8]. We assume that their chiral
order parameter ω is small, and expand the free energy in
powers of ω. The four terms in the free energy, integrated
over the interior of the torus, then become
FB = K33pi
2R1
[
2
(
1− (ξ
2 − 1)1/2
ξ
)
−
(
6ξ − 6ξ
4 − 9ξ2 + 1
(ξ2 − 1)3/2
)
ξω2 +O(ω4)
]
,
FT = (K22 −K24)pi2R1 4ξ
3
(ξ2 − 1)3/2ω
2 +O(ω6),
FS = 0, F∆ = O(ω
6), (33)
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FIG. 5. (Color online) Director configurations for a nematic liquid crystal in a cylinder. (a) Achiral with T = 0. (b) Chiral
with T < 0. (c) Chiral with T > 0.
where ξ = R1/R2 > 1 is the aspect ratio of the torus.
From these expressions, we see that the splay free energy
is exactly zero (by construction), and the ∆ mode free
energy is approximately zero, so the important physics
arises from the competition between bend and twist. In
the achiral configuration with ω = 0, the bend free en-
ergy is high, and the twist free energy is zero. As the
magnitude of ω increases, the bend free energy decreases
and the twist free energy increases. This trade-off might
or might not reduce the total free energy, depending on
the total coefficient of ω2. From Eq. (33), we see that this
coefficient is negative, and hence a chiral configuration is
favored, provided that
K22 −K24
K33
<
6ξ(ξ2 − 1)3/2 − 6ξ4 + 9ξ2 − 1
4ξ2
≈ 5
16ξ2
if ξ  1. (34)
This result is exactly the same critical threshold found in
Ref. [8]. Thus, we see that their result can be understood
from the competition between the bulk free energies of
bend and twist, without reference to any surface align-
ment. We note that the ∆ mode is not involved with
this competition. Rather, K24 enters into the prediction
because the twist is double twist, and the elastic constant
for double twist is (K22 −K24).
C. Chromonic liquid crystal in cylinder
Let us apply the results from the torus to the simpler
case of a liquid crystal in a cylinder. We can ask whether
the director field forms a simple uniform configuration
parallel to the cylinder axis, as in Fig. 5(a), or whether
it breaks reflection symmetry and forms a chiral config-
uration, as in Fig. 5(b,c).
A cylinder can be regarded as a limiting case of a torus,
in the limit where R1 → ∞ and R2 remains finite, so
that ξ →∞. In that case, Eq. (34) implies that a chiral
configuration is favored if (K22 −K24)/K33 < 0. Hence,
we must ask: Is it possible for a liquid crystal to have
K22 < K24?
This issue was addressed by Ericksen [21], who de-
veloped several inequalities for liquid-crystal elasticity.
Translated into our current notation, Ericksen’s argu-
ment is essentially: We assume that a uniform nematic
state is stable, so any gradients of the director must
cost free energy, and hence all of the elastic coefficients
in Eq. (21) must be positive. Thus, he concludes that
0 < K24 < K11, 0 < K24 < K22, and 0 < K33. If
these inequalities are correct, then the cylinder never has
a transition from achiral to chiral; the uniform, achiral
state is always stable. However, this reasoning has a flaw:
We are concluding that the uniform state is stable based
on a theory that assumes the uniform state is stable. We
cannot draw any conclusions from this circular argument.
Surprisingly, there are certain liquid crystal materi-
als that violate the Ericksen inequalities, and actually
exhibit K22 < K24. In particular, several studies have
investigated the lyotropic chromonic liquid crystals Sun-
set Yellow (SSY) and disodium cromoglycate (DSCG) in
cylindrical capillaries [9, 22, 23] or cylindrical shells [24].
Experimentally, those studies show that the uniform,
achiral state can become unstable to the formation of
a chiral state. Theoretically, they model the transition
in terms of saddle-splay as surface elasticity, which favors
alignment of the director field along the curved direction
on the surface of the torus.
Here, we see that this symmetry-breaking transition
has a simple interpretation in terms of the double twist
T . When K22 < K24, the coefficient of T
2 in the free
energy density (21) becomes negative. Hence, the state
with T = 0 becomes unstable to the formation of T 6= 0,
which can be either positive or negative. The director
field will then form a configuration determined by the
combination of the favorable free energy associated with
double twist and the unfavorable free energy associated
with bend.
Based on this argument, there is an analogy between
the double twist instability of chromonic liquid crystals
and the bend instability of bent-core liquid crystals. Do-
zov [25] argued that the bend elastic constant K33 of
bent-core liquid crystals can become negative, leading to
the formation of a nonuniform phase, and such phases
have been found experimentally; see the discussion in
Ref. [26]. In chromonic liquid crystals, the double twist
elastic constant (K22−K24) can become negative, which
also leads to the formation of a nonuniform phase. In
both cases, the nonuniform phase has a combination of
bend and double twist, and the double twist is randomly
right- or left-handed.
If the coefficient of T 2 in the free energy density be-
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comes negative, then we need some mechanism to sta-
bilize the free energy so that it cannot decrease without
limit. The free energy might be stabilized by a higher-
order power, such as T 4, or a higher derivative of the
director field nˆ, as discussed below in Sec. VI(A). Alter-
natively, the free energy might be stabilized by a com-
patibility constraint, as discussed in Sec. VI(B).
D. Curvature of smectic layers
In the smectic-A liquid crystal phase, the molecules lie
in (approximately) equally spaced layers, and the direc-
tor field is normal to the layers. The layers are curved
surfaces, which can be treated through the methods of
differential geometry. Hence, the deformations of the di-
rector field can be related to the curvature of the lay-
ers. In particular, the splay of the director field is twice
the mean curvature of the layers, and the saddle-splay is
twice the Gaussian curvature [5].
Here, because we are analyzing director deformations
in terms of the four modes B, T , S, and ∆, we should
determine how all four of these modes are related to the
layer curvature.
Suppose the equilibrium smectic layers are in the xy
plane, and there are small local displacements from z to
z+u(x, y, z). To lowest nontrivial order in u, the director
field is
nˆ = ±(zˆ −∇⊥u). (35)
Hence, the director deformations become
B =∇⊥(∂zu), T = 0, S = ∓∇2⊥u, (36)
∆ = ±
 12 (∂2yu− ∂2xu) −∂x∂yu 0−∂x∂yu 12 (∂2xu− ∂2yu) 0
0 0 0
 ,
with the ± signs depending on the arbitrary choice of nˆ
or −nˆ. The twist is zero, as it must be for a director
field that is perpendicular to layers. The bend is the
perpendicular gradient of ∂zu, which is the variation in
layer spacing. If the layers are equally spaced, then the
bend is also zero. Hence, the important two deformations
are the splay and biaxial splay.
We can relate these properties to the curvature of the
smectic layers. To lowest nontrivial order in u, the cur-
vature tensor is
Kβα =
( −∂2xu −∂x∂yu
−∂x∂yu −∂2yu
)
. (37)
If κ1 and κ2 are the two principal curvatures, then the
mean curvature becomes
1
2
(κ1 + κ2) =
1
2
Kαα = −
1
2
∇2⊥u = ±
1
2
S. (38)
Hence, the geometric meaning of the splay S is twice
the mean curvature. Likewise, the traceless part of the
curvature tensor becomes
Kβα −
1
2
Kγγ δ
β
α =
(
1
2 (∂
2
yu− ∂2xu) −∂x∂yu
−∂x∂yu 12 (∂2xu− ∂2yu)
)
. (39)
Hence, the geometric meaning of the biaxial splay ten-
sor ∆ is the traceless part of the curvature tensor. Its
eigenvalues are ± 12 (κ1−κ2), and its eigenvectors are the
principal curvature directions, along with a third eigen-
value of zero corresponding the eigenvector nˆ.
From Eq. (20), the standard saddle-splay becomes
∇ · [nˆ(∇ · nˆ) + nˆ× (∇× nˆ)] = 1
2
S2 +
1
2
T 2 − Tr(∆2)
=
1
2
(κ1 + κ2)
2 − 1
2
(κ1 − κ2)2 = 2κ1κ2. (40)
This agrees with the textbook result that the saddle-splay
is twice the Gaussian curvature.
We have verified that these results hold exactly, be-
yond the approximation of small layer displacements, for
a toroidal focal conic structure.
VI. RELATED ISSUES
A. Second-derivative elasticity and K13
In the literature on elasticity of liquid crystals, the
Oseen-Frank free energy density is sometimes written
with two divergence terms [3–5],
F =
1
2
K11S
2 +
1
2
K22T
2 +
1
2
K33|B|2 (41)
−K24∇ · [nˆ(∇ · nˆ) + nˆ× (∇× nˆ)]
+K13∇ · [nˆ(∇ · nˆ)] .
The origin and effects of theK13 term have been analyzed
in detail [27–29]. In this article, we have discussed how
the K24 term can be written in terms of the modes S, T ,
and ∆. Can the K13 term be written in a similar way?
To answer that question, we note that the K24 and
K13 terms are actually different types of mathematical
objects. Although the K24 saddle-splay term appears
superficially as if it includes second derivatives of nˆ, the
second derivatives of the first piece exactly cancel the
second derivatives of the second piece. As a result, this
term depends only on first derivatives of nˆ. That is why
it can be expressed in terms of S, T , and ∆, which are all
combinations of first derivatives of nˆ. Hence, it is quite
appropriate to include this term in the Oseen-Frank free
energy, along with the K11, K22, and K33 terms, which
also involve first derivatives of nˆ.
By contrast, in the K13 term, the second derivatives of
nˆ do not cancel. Instead, that term becomes
∇ · [nˆ(∇ · nˆ)] =∇ · [nˆS] = S2 + (nˆ ·∇)S
= (∂ini)(∂jnj) + ni∂i∂jnj . (42)
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If we include this term in the free energy, with no
other second-derivative terms, then the theory would be-
come unstable, because it would favor arbitrary large
second derivatives of nˆ. To avoid that problem, we
would need to add other second-derivative terms, such
as (∂i∂jnk)(∂i∂jnk), to stabilize the free energy. We rec-
ognize that such terms are formally smaller than other
terms in the free energy, because they include more
derivatives, but still they are necessary for stability.
From this discussion, we can see two reasonable op-
tions. First, we might consider only first derivatives of
nˆ in the theory. In that case, the free energy would in-
clude the K11, K22, K33, and K24 terms, but not K13.
Alternatively, we might develop a higher-order elastic-
ity theory that includes all second derivatives of nˆ. For
this higher-order elasticity, we could begin by decompos-
ing the tensor ∂i∂jnk into its normal modes (by analogy
with the calculation in Sec. II) and expressing the general
second-derivative free energy in terms of those modes (by
analogy with Sec. III). That analysis is beyond the scope
of this article.
For almost all liquid crystal physics problems, the first
option is sufficient. However, there may be a few unusual
problems where second-derivative elasticity is needed.
One example might be the chromonic liquid crystals dis-
cussed in Sec. V(C), where the double twist elastic con-
stant (K22 − K24) becomes negative. Another example
might be the bend instability of bent-core liquid crys-
tals, where the effective bend elastic constant K33 be-
comes negative [25, 26]. In those unusual cases, second-
derivative elasticity might be important for stabilizing
the free energy.
B. Compatibility
In general, some director deformations can exist every-
where in space, and other deformations cannot. For ex-
ample, it is possible to fill up space with cholesteric single
twist (which is a specific combination of T and ∆), but it
is impossible to fill up space with double twist (pure T ).
That is the reason why blue phases must have tubes of
double twist separated by disclination lines, rather than
uniform double twist [30]. Similarly, it is possible to fill
up space with pure bend of varying magnitude, as in
Sec. II(B1), or pure splay of varying magnitude, as in
the hedgehog of Sec. II(B3), but it is impossible to fill up
space with pure bend or splay of constant magnitude.
This issue can be regarded as a compatibility problem.
For any director field nˆ, we can calculate derivatives to
define the modes B, T , S, and ∆. However, that pro-
cedure does not work in reverse: We cannot begin with
any arbitrary set of B, T , S, and ∆, and calculate the
corresponding director field. Only certain combinations
of B, T , S, and ∆ can be constructed from the same
nˆ. Those combinations can be called compatible, while
other combinations are incompatible.
An analogous issue of compatibility occurs in the the-
ory of elastic solids. For any displacement field u, we can
calculate derivatives to define the strain tensor . How-
ever, we cannot begin with any arbitrary strain tensor
and calculate a corresponding displacement field. In this
sense, the displacement field of an elastic solid is anal-
ogous to the director field of a liquid crystal, and the
strain tensor is analogous to the liquid crystal deforma-
tion modes B, T , S, and ∆.
The issue of compatibility has been studied extensively
in the theory of elastic solids. It is known that the strain
tensor must satisfy certain constraints in order to be com-
patible with a displacement field. By contrast, this issue
has not been studied much in the theory of liquid crys-
tals. To our knowledge, it has only been investigated
theoretically by Niv and Efrati [31], for the case of 2D liq-
uid crystals. They derived the compatibility constraint,
which depends on the Gaussian curvature of the 2D sur-
face in which the liquid crystal exists. For a flat surface,
it is possible to have a simple case of a uniform liquid
crystal, with zero bend and zero splay everywhere, but
it is impossible to have uniform nonzero bend or uniform
nonzero splay. For a positively curved surface, such as a
sphere, it is impossible to have even uniform zero bend or
uniform zero splay. By contrast, for a negatively curved
surface, such as a saddle, it is possible to have uniform
nonzero bend or uniform nonzero splay.
So far, the corresponding compatibility constraint or
constraints have not yet been derived for 3D liquid crys-
tals. We anticipate that this calculation will be done in
the future, and then it will establish what combinations
of B, T , S, and ∆ are compatible with 3D Euclidean flat
space.
A compatibility constraint may be important for un-
derstanding the stability of the Oseen-Frank free energy
in the case where one of the elastic constants becomes
negative. The free energy does not need to be positive-
definite for all variations of B, T , S, and ∆. Rather, it
only needs to be positive-definite for all compatible vari-
ations of B, T , S, and ∆, so that it will be positive-
definite for all possible variations of nˆ. A mathematical
constraint should help to determine what are the com-
patible variations.
VII. CONCLUSIONS
In this article, we have presented a theoretical formal-
ism to analyze director deformations in liquid crystals.
This formalism is based on a mathematical construction
by Machon and Alexander [12], which decomposes the di-
rector gradient tensor ∂inj into four modes: splay, twist,
bend, and ∆. We re-express the Oseen-Frank free en-
ergy in terms of these modes, and show that it takes a
simple form as the sum of squares. Using that expression
for the free energy, we re-analyze several previous prob-
lems in liquid-crystal physics, and show how they can be
understood based on the four modes.
The main difference between our current approach and
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previous work is that we now regard all four modes as
bulk elastic modes, while previous work usually consid-
ered saddle-splay as surface elasticity. We emphasize
that there is no contradiction between these perspectives.
Indeed, the theories are mathematically equivalent, and
give the same predictions for experiments. However, we
suggest that the current approach provides a simpler and
more intuitive way to understand the role of saddle-splay,
and hence provides a useful tool for future theoretical re-
search.
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Appendix A: Calculation of four modes from
tensor Q
One application of the formalism discussed in this ar-
ticle may be to analyze simulations of complex liquid-
crystal structures, such as skyrmions, half-skyrmions,
and blue phases. Such simulations are often done using
the nematic order tensor field Q(r), rather than the di-
rector field nˆ(r). For use in these simulations, we would
like to express the four modes B, T , S, and ∆ in terms
of the nematic order tensor.
The nematic order tensor field is usually written as the
traceless form
Qij = s
(
3
2
ninj − 1
2
δij
)
, (A1)
where s is the scalar order parameter, i.e. the magnitude
of nematic order, not to be confused with the splay S. In
any defect-free region where s is approximately constant,
we can just work with the tensor
qij = ninj . (A2)
It is then straightforward to convert Qij = s(
3
2qij− 12δij),
or qij =
1
3 (δij + 2Qij/s).
Because nˆ is a unit vector, we have
ni∂jnk = qil∂jqkl. (A3)
By making appropriate contractions of that equation, we
can derive the bend vector
Bk = −ni∂ink = −qil∂iqkl, (A4)
and the twist pseudoscalar
T = ijkni∂jnk = ijkqil∂jqkl. (A5)
It is impossible to define the splay scalar S = ∇ · nˆ
uniquely in terms of qij , because S is odd in nˆ; i.e., it
depends on the arbitrary choice of nˆ or −nˆ. However,
we can uniquely define the splay vector S = Snˆ, because
it is even in nˆ. The splay vector becomes
Si = Sni = ni∂jnj = qil∂jqjl. (A6)
Likewise, it is impossible to define the second-rank tensor
∆ij uniquely in terms of qij , because ∆ij is also odd in
nˆ. Instead, we can define the third-rank tensor
∆ijnk =
1
2
[nk∂inj + nk∂jni + nkniBj + nknjBi
− Snk(δij − ninj)]
=
1
2
[qkl∂iqjl + qkl∂jqil + qkiBj + qkjBi
− Sk(δij − qij)]. (A7)
Appendix B: Director gradient modes in 2D
In Sec. II(A), we decompose the director gradient ten-
sor ∂inj into the four modes B, T , S, and ∆ in 3D. Some
researchers also investigate nematic liquid crystals in 2D.
In this appendix, we do the analogous decomposition in
2D, for use in such studies.
First, consider the number of degrees of freedom. In
2D, the tensor ∂inj has 2× 2 = 4 components. Because
nˆ is a unit vector, we have the constraint (∂inj)nj =
0. That equation is actually 2 constraints, for i = 1
and 2. Hence, the tensor ∂inj should have 4 − 2 = 2
degrees of freedom. The first leg of this tensor might
have components parallel or perpendicular to nˆ, but the
second leg must be perpendicular to nˆ.
We break ∂inj into parts where the first leg is parallel
or perpendicular to nˆ,
∂inj = −niBj + αij , (B1)
where B is a vector perpendicular to nˆ and αij is a ten-
sor perpendicular to nˆ. Contracting both sides of this
equation with ni gives
B = −(nˆ ·∇)nˆ. (B2)
Hence, B is the 2D version of the standard bend vector.
Because it is perpendicular to nˆ in 2D, it has one degree
of freedom. Because it is invariant under the transfor-
mation nˆ → −nˆ, it is a physical object that does not
depend on this arbitrary choice of sign.
Now we are left with the tensor αij perpendicular to nˆ.
In 2D, this tensor can be written as αij = S(δij − ninj)
for some scalar S. Hence, the director gradient tensor
becomes
∂inj = −niBj + S(δij − ninj), (B3)
Taking the trace of both sides of this equation gives
S =∇ · nˆ. (B4)
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Hence, S is the 2D version of the standard splay scalar.
Because it is a scalar, it has one degree of freedom. Just
as in 3D, S changes sign under the transformation nˆ →
−nˆ. If we want a physical object that does not depend
on the arbitrary sign of nˆ, we can construct the splay
vector S = Snˆ = nˆ(∇ · nˆ).
Equation (B3) decomposes the director gradient tensor
∂inj into the two normal modes B and S in 2D. These
two modes account for the two degrees of freedom in ∂inj .
In 2D, there is no analogue for the twist T or the biaxial
splay ∆, or for saddle-splay.
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